We find a background solution of the string theory which has a special property distinguished from the usual background solutions. This background solution does not produce the NS-NS two-form fields under T-duality and therefore the background vacua described by this solution essentially do not involve NS-NS type branes in their configurations, unlikely to the case of the ordinary Calabi-Yau ansatz. As a result the non-linear σ-models, whose target space metrics are given by these T-dual partners, can both be torsion-free.
I. Introduction
In the usual compactifications of the 10D superstring theory the internal sector of the background vacuum is described by a Calabi-Yau manifold. Calabi-Yau manifolds generally contain singular points called conifold singularity (see [1] for the reviews). So in the brane world models it is assumed that a stack of D3-branes, which is identified with our 3D external space, is located around [2] or at certain conifold singularity [3, 8] .
Some years ago, however, it was argued [4] that the background vacua of the string theory may involve NS5-branes implicitly in their Calabi-Yau or the conifold ansatz. The history of such an observation goes back to the paper on the (p + 3)-dimensional string theory [5] . In [5] , it was shown that the existence of NS-NS type p-brane is essential to obtain flat geometries R 2 or R 2 /Z n on the transverse directions and the usual codimensions-2 brane solutions with these background geometries already contain NS-NS type branes implicitly in their ansatz. Similar thing also happens in the codimensions-1 brane solutions of the five dimensional models compactified on S 1 /Z 2 . In [6] , it was shown that in string theoretical setup the existence of the background NS-branes are indispensable to obtain flat geometry M 4 × S 1 /Z 2 .
Such an observation is continued to the case of the 10D full-fledged string theory where the background geometry of the internal dimensions is described by a CalabiYau threefold with some conifold singularities attached on it as mentioned above. It was shown in [7, 8] that two intersecting NS5-branes can be thought of as a T-dual configuration of the conifold singularity. For instance, a IIA configuration of D4-brane suspended between two orthogonal NS5-branes corresponds to a IIB metric of D3-brane at a conifold singularity [8] , which supports the above statement regarding T-duality of the conifold singularity. As a definite example of this T-duality, consider a conifold metric ds plus two-form fields B ψφ i which are given by cos θ i . The metric (1.3) is very singular. The scalar curvature calculated from (1.3) is given by R = 16/r 2 , which goes to infinity as r goes to zero. Also since B ψφ i are NS-NS two-form fields, the T-dual configuration described by (1.3) necessarily contains two NS5-branes each of which becomes the source of B ψφ i . This suggests that the conifold metric, which is a Ricci-flat metric, is equivalent to a non-Ricci-flat singular metric plus NS5-branes described by B ψφ i . This example is very reminiscent of codimendion-1 [6] and codimension-2 [5] brane world models, where each of flat geometries of the transverse dimensions can be formally described by a sum of singular metric and NS-NS type branes. In this paper we want to check the possibility of having special solution distinguished from these background solutions described so far. Indeed, we show that there exists a background solution which has a unique property that it does not produce the NS-NS two-form fields under T-duality and therefore the NS-NS type branes are not involved unlikely to the case of the ordinary Calabi-Yau (or the conifold) ansatz.
II. Total action
The 10D action is given by
, (2.1) where H (3) (≡ dB (2) ) is the field strength of the NS-NS two-form B (2) and similarly F (5) (≡ dA (4) ) the field strength of the R-R four-form A (4) . We start with the configurations without NS5-branes, which is necessary to obtain Ricci-flat solutions. So we have H (3) = 0 in the action (2.1). Though we start with the case H (3) = 0 to obtain Ricci-flat solutions, it is always possible that those Ricci-flat solutions become nonsingular solutions with NS5-branes (i.e. with H (3) = 0) under T-duality transformation as mentioned above. Now we introduce an ansatz for the 10D metric as
and therefore
Now setting e Φ(r) ≡ g s e Φs(r) and choosing A(r) as 6) one finds that I bulk in (2.1) reduces to a 7D action given by
Since we have I
total , we can now find field equations for ther-dependent fields defined on the internal dimensions from this action. Let us start with the field equation for ξ(r) first. From (2.10) we obtain 1) where h mn represents the 6D metric ds 2 6 ≡ h mn dy m dy n , so we have −g
7
= N √ h 6 in (2.7) and (2.9) . Upon integration 2) where Vol(B) is the volume of the base of the cone with unit radius : Vol(B) = ǫ 5 with
, and whereĥ ab is defined by
From (2.5) and (3.2) one finds * F (5) = 2κ 4) which shows that µ 3 is an R-R electric charge carried by a D3-brane and this confirms the fact that (3.2) is correct.
Field equations in covariant forms
Now we turn to the Einstein equation and equations for Φ s and B. In the covariant form the 7D Einstein equation can be rewritten as 6) and
where (A, B) are 7D indices and g 00 represents the tt-component of g AB etc. Also, the equations for Φ s and B become
Field equations in component forms
Now we put 10) in the metric (2.3): i.e. we consider the 7D metric of the form
For the given metric (3.11) the independent components of the Einstein equation (3.5) take the forms
12) (3.15) where
′ 2 and the "prime" denotes the derivative with respect tô r. Also α and α ij are defined by
Besides these, we also have the equations for Φ s and B. The linear combinations of those equations give
where we have used the fact that T (Φ) is given by T (Φ) = T 3 e −Φ at the tree level and therefore we have
. Also in the whole above equations ξ ′ 2 terms can be rewritten (see (3.2) ) as
. (3.21) IV. Solutions to the field equations in the absence of D3-brane
In the previous section we found a set of field equations defined on the internal dimensions. This set of field equations basically consists of four Einstein equations (eqs. (3.12) to (3.15)) plus equations for Φ s and B (eqs. (3.19) and (3.20) ). In this section we want to solve these equations to obtain some nontrivial solutions which do not involve NS-NS type branes in both of before and after T-duality transformation. Before we start our discussion we have to notice that the equation (3.14) must be satisfied for both α 12 and α 21 . So we must require α 12 = α 21 , which then implies
from (3.17) . Equation (4.1) imposes a strong constraint on p i and q i , especially when γ(r) is a nontrivial function ofr. Now we start the procedure to obtain the solutions of the field equations. In this section we first consider the cases in which the D3-branes are absent. In these cases we basically obtain Ricci-flat solutions by the following reasons. In the absence of D3-branes (T 3 = Q D = 0), the field equations (3.19) and (3.20) reduce to
and therefore we have
Also since A (4) (and therefore ξ(r)) vanishes in the absence of D3-branes, T AB in (3.6) vanishes by (4.3) . Finally t AB in (3.7) also vanishes by T 3 = 0, and therefore the Einstein equations (3.5) reduces to
in the case with no D3-branes. So the solutions of this section are necessarily Ricci-flat in the 7D space defined by (2.3) .
To obtain the solutions to the field equations we take an ansatz for N(r) and R(r) as (3.21 ) and (4.3)), the Einstein equations (3.12) to (3.15) now reduce to
Then from (4.6) and (4.7) we obtain 10) and this equation is solved by
Similarly from (4.8) and (4.9) , and using (4.10) we obtain 
Case
In this case the constraint equation (4.1) reduces to (4.13) and in particular one can show that (4.13) can be solved by
and (b) Case B :
Indeed, these are two well-known special cases of the conifold metric in which the 5D bases are given respectively by (a) dΣ
In addition to (4.13), we also have the independent equations following from (4.6) to (4.9) : (4.22) and one can check that these two equations are consistent with (4.13). Now we add (4.21) and (4.22) to obtain a constraint equation
By this constraint equation we find from (3.16) that α is given by 24) and this α must be positive by (4.23) again. Besides this, α 12 in (3.17) also reduces by (4.13) into
Finally from (4.13) and (4.23) we obtain Turning back to the differential equations, using (4.26) one can rewrite (4.18) and (4.19) as
30) (4.31) where X(r) is defined by
Now we have to find f (r) which satisfies both (4.30) and (4.31). But these two equations are not independent of each other. (4.31) can be rewritten as (4.33) and therefore the solution to (4.30) is also the solution of (4.31). The general solution of (4.30) is given by 4.34) whereâ is an arbitrary constant with length dimension one. In this section we are essentially interested in the cases A and B in (4.14) and (4.15) . In these cases α and α ij are given by α = α ij = 1 and therefore f 2 (r) becomes
Hence the 7D metric in (3.11) reduces to Now we turn to the case where γ(r) is given by (4.11) with b = 0. In this case (4.1) requires
and therefore α and α ij become 38) and the remaining constraint (4.12) reduces to
, (4.39) can be rewritten as
where
The general solution of (4.40) is given by
where C is an arbitrary constant with length dimension three. Besides (4.39), the solution (4.43) must also satisfy the remaining equations (4.45) which are rewrites of (4.7) and (4.9). Namely, together with (4.10) and (4.39), (4.44) and (4.45) constitute a new set of independent equations which substitutes for (4.6), (4.7), (4.8) and (4.9) . Now substituting (4.43) into (4.44) gives constraints on a and p : 
So γ(r) and f 2 (r) in (4.43) reduce, respectively, to 48) and one check that the set of functions in (4.48) also satisfies (4.45) . After all this, we find that the 7D metric (3.11) finally becomes 
V. In the presence of D3-branes
So far we have considered the case T 3 = Q D = 0. In this section we turn to the case with nonzero T 3 and Q D , which means that we now have a stack of D3-branes at the singularityr = 0. From the linear combinations of the equations (3.12) to (3.15) in Sec. 3.3 (and using (3. 21) ) we obtain the independent equations 4) and similarly from (5.2) and (5.3)
To solve the above equations we introduce a new variable ρ defined by 6) where β is defined by β 2 = 10α + 6α ij . When α and α ij are constants, which is indeed the case in our discussions in Secs. 5.1 and 5.2, (5.4) and (5.5) can be rewritten as
Nf γR
and
Among these equations (5.7) can be solved by 9) and from (5.6) and (5.9) we have
Now we solve the remaining equations for the two cases considered in Secs. 4.1 and 4.2.
Case
In this section we consider the case γ(r) = constant ≡ γ 0 as in Sec. 4.1. Since this section is an extension of Sec. 4.1, in the followings we basically consider the two cases in (4.14) and (4.15) for the definiteness of our discussion. In the cases of (4.14) and (4.15), α and α ij are equal to one, α = α ij = 1 (see (4.24) and (4.25)), and therefore β = 4. Also using (4.20) one finds that (5.8) reduces to
while (5.7) remains unchanged. Since (5.7) remains unchanged, the solution is still given by (5.9) . Also (5.11) is trivially satisfied by γ(r) = constant, so we can ignore them. Now we go back to the original equations (5.1), (5.2) and (5.3). Using (5.6) with β = 4 and (5.9), one can rewrite them as 5.13) and similarly (3.19) and (3.20) as
14) .18) and therefore the 10D metric in (2.2) reduces to 19) where t ≡ γ In Sec. 5.1 we obtained the usual D3-brane solution by taking γ(r) = constant. In this section we will consider the case where γ(r) and p i are given by γ(r) = b r and p 1 = p 2 ≡ p = 0 as in Sec. 4.2 (see (4.47) ). In this case α and α ij are constants : (5.20) (see (4.38) ) and (5.8) reduces to
Using (5.9) one finds that (5.21) is solved by
The factor e B in (5.19 ) is given by e B(r) = 1 +
with Q 0 = QD 4 as in Ref. [4] . So e B reduces e B → 1 in the limit Q D → 0. See also Sec. 5.3 of this paper.
Now we go back to (5.1), (5.2) and (5.3). Using (5.6) and (5.9) we can rewrite them as 25) while the equations for Φ s and B are given by ∇ 2 Φ s = 0 and
where ∇ 2 is defined by
as before, and α, α ij and β are given by (5.20) . Now the linear combinations of (5.24) and (5.25) give 28) and from (5.23) and (5.28) one obtains Similarly, comparing (5.29) with (5.26) one finds that R must be of the form (5.31) whereR is defined by the equation and collecting all these together we obtain
where we have changed dt → dt. Now we finally introduce a new variable r defined by
Then we obtain the final version of the 10D metric 5.38) where R 0 is given by R 0 = ρ 0 3 . The metric (5.38) is unique in the sense that it does not involve NS5-branes even under T-duality as we shall see in Sec. VI. Namely (5.38) and its T-dual partner describe torsion-free background configurations in which the two-form field B (2) is absent. The metric (5.38) describes a background geometry with D3-branes located at the singularity r = 0 of the cone-type internal space whose topology at constant r is given by S 2 ×S 2 ×S 1 , while its T-dual partner describes D4-branes located at r = 0 of the internal space with topology S 2 × S 2 (see Sec. VI). 
5.3
The factor e B of the torsion-free background metric
In Sec. 5.2 we obtained (5.38), a torsion-free background solution in the presence of D3-branes. To obtain (5.38) we have used three equations (5.1) to (5.3) . But these three equations were originally obtained from (3.12) to (3.15) by eliminating H in three different ways. Since equations (5.1) to (5.3) are three equations, whereas (3.12) to (3.15) are four, we need to consider one more independent equation which now contains H, and be consistent with the given solution (5.38) of Sec. 5.2. The simplest such an equation may be obtained by subtracting (3.13) from (3.12). We have dγ dr 
where 
VI. Summary and discussions
In this paper we obtained a Ricci-flat solution describing a background vacuum of the string theory. This solution has an exceptional property distinguished from the usual background solutions. It does not involve NS5-branes under T-duality unlikely to the case of the ordinary Calabi-Yau (or the conifold) ansatz. As mentioned in the introduction a conifold singularity of the Calabi-Yau ansatz becomes two intersecting NS5-branes under T-duality transformation. So the IIB metric of D3-brane at a conifold singularity corresponds to a IIA configuration of D4-brane suspended between two orthogonal NS5-branes. [8] The background solution (5.38) in the unit α ′ = 1. The metric (6.1) describes a (stack of) D4-brane(s) located at the singularity r = 0 of the cone-type internal space whose topology at constant r is given by S 2 × S 2 . But in this configuration NS5-branes are absent because the NS-NS two-form fields are zero, though the D4-branes of the IIA configuration is still present. Note that under T-duality the 6D metric h ab and the two-form field B ab transform as [9] where B ab = B aψ = 0 in our case. From (6.2) one finds that the two-form fieldsB ab andB aψ all vanish because the only nonvanishing componentsB φ i ψ are given byB φ i ψ ∝ p i cos θ i , but p i = 0 in our metric (5.38) . So the NS-NS two-form fields of the T-dual configuration all vanish and the NS5-branes are absent in this configuration. Indeed, p i = 0 is a necessary condition for a 6D metric to be Ricci-flat when h ψψ is constant. To see this, note that the Ricci-tensors of the 6D metric 6.3) are given (in the orthonormal basis) by
4)
5)
(6.6) From (6.5) one finds that R ψψ vanishes only for p i = 0 when U is a constant. In addition to this, one can check that R rr and R θ i θ i (= R φ i φ i ) also vanish for dS 2 6 in (5.38), as well as R ψψ . Namely (5.38) is a Ricci-flat metric which does not produce the NS-NS two-form fields under T-duality and therefore the T-dual partner of (5.38) dose not involve the NS-NS type branes in its background configuration. So the non-linear σ-models whose target space metrics are given by these T-dual partners can both be torsion-free. [10] 
